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Abstract. In this article we study Lefschetz fibration structures on knot 
surgery 4-manifolds obtained from an elliptic surface E(2) using Kanenobu 
knots K. As a result, we get an infinite family of simply connected mutually 
diffcomorphic 4-manifolds coming from a pair of inequivalent Kanenobu knots. 
We also obtain an infinite family of simply connected symplcctic 4-manifolds, 
each of which admits more than one inequivalent Lefschetz fibration structures 
of the same generic fiber. 



1. Introduction 

Since Seiberg-Witten theory was introduced in 1994, many techniques in 4- 
dimensional topology have been developed to show that a large class of simply 
connected smooth 4-manifolds admit infinitely many distinct smooth structures. 
Among them, a knot surgery technique introduced by R. Fintushel and R. Stern 
turned out to be one of the most powerful tools changing the smooth structure on 
a given 4-manifold 3 . The knot surgery construction is following: Suppose that X 
is a simply connected smooth 4-manifold containing an embedded torus T of square 
0. Then, for any knot K C S 3 , one can construct a new 4-manifold, called a knot 
surgery 4-manifold, 

X K = Xy= Tm {S' L x M K ) 
by taking a fiber sum along a torus T in X and T m = S 1 x m in S 1 x Mr-, where 
Mk is the 3-manifold obtained by doing 0-framed surgery along K and m is the 
meridian of K. Then Fintushel and Stern proved that, under a mild condition on 
X and T, the knot surgery 4-manifold Xk is homeomorphic, but not diffeomorphic, 
to a given X [3]. Furthermore, if X is a simply connected elliptic surface E(2), T is 
the elliptic fiber, and if is a fibred knot, then it is also known that the knot surgery 
4-manifold E(2)k admits not only a symplectic structure but also a genus 2g(K ) + l 
Lefschetz fibration structure [3 [22]. Note that there are only two inequivalent genus 
one fibred knots, but there are infinitely many inequivalent genus g fibred knots 
for g > 2. So one may dig out some interesting properties of E(2)k by carefully 
investigating genus two fibred knots and related Lefschetz fibration structures. 

On the one hand, Fintushel and Stern [4] conjectured that the set of all knot 
surgery 4-manifolds of the form E(2)k up to diffeomorphism is one-to-one corre- 
spondence with the set of all knots in S" 3 up to knot equivalence. Some progresses 
related to the conjecture were obtained by S. Akbulut [2] and M. Akaho pQ. But a 
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complete answer to the conjecture for prime knots up to mirror image is not known 
yet. Furthermore, Fintushcl and Stern [5] also questioned whether any two in the 
following 4-manifolds 

{Y(2;K 1 .,K 2 ) := E(2) K J U:Jl2g+1 ^ 2g+1 E(2) K2 | K U K 2 are genus g fibred knots} 

are mutually diffeomorphic or not. The second author obtained a partial result 
related to this question under the constraint that one of K $ (i = l, 2) is fixed [22J. 

In this article wc investigate Lefschetz fibration structures on the knot surgery 
4-manifold E(2)k, where K ranges a family of Kanenobu knots. Remind that 
Kanenobu [12[ 113] found an interesting family of inequivalent genus 2 fibred prime 
knots 

{K p , q | (p, q) G K } and K = {(p, q) G Z 2 | p G Z+ -p < q < p}, 

where any two of them are not in mirror relation and all of them have the same 
Alexander polynomials. In Section [3] we consider the following family of simply 
connected symplectic 4-manifolds which have the same Seiberg-Witten invariants 

{Y(2;K p>q ,K r , a ) := E{2) Kp J id ^^E{2) Kr>a \ (p,q),(r,s) G 11}. 

By investigating the monodromy factorization expression corresponding to Lef- 
schetz fibration structure on Y{2; K p ^ q , K riS ), we answer the question raised in [5]. 

Theorem 1.1. Any two simply connected symplectic 4-manifolds in 

{F(2; K M ,K p+hq ) \p,qeZ}U {Y(2; K M , K p>q+1 ) \ P ,qeZ} 

are mutually diffeomorphic. 

In section|4]we also study nonisomorphic Lefschetz fibration structures on simply 
connected symplectic 4-manifolds which share the same Seiberg-Witten invariants. 
Let £ P; g be a genus five Lefschetz fibration structure on E(2)k p q - Then, by inves- 
tigating the monodromy group GF{£, P , q ) of we get the following theorem. 

Theorem 1.2. £ p .g is not equivalent to £ riS if (p,q) ^ (r, s) (mod 2). 

As a corollary, we can easily recapture a similar result in [18) . Remind that we 
constructed a pair of nonisomorphic Lefschetz fibration structures on E(ji)k for a 
special type of 2-bridge knot K in [18] . Theorem 11.21 above also confirms such a 
phenomena. That is, for any (p,q) G Z 2 with p ^ q (mod 2), K p . q is equivalent 
to K q ^ p and therefore E(2)k p q is the same symplectic 4-manifold as E(2)K q . But 
the theorem above implies that the corresponding Lefschetz fibration structures ^ p . q 
and ^ qtP are not equivalent. 

Acknowledgment. Jongil Park holds a joint appointment at KIAS and in the 
Research Institute of Mathematics, SNU. Ki-Heon Yun was supported by Sungshin 
Women's University Research Grant of 2008. 

2. Preliminaries 

In this section wc briefly review some well-known facts about Lefschetz fibrations 
on 4-manifolds and surface mapping class groups (refer to [7j for details). 

Definition 2.1. Let X be a compact, oriented smooth 4-manifold. A Lefschetz 
fibration is a proper smooth map it : X — > B, where B is a compact connected 
oriented surface and ir~ 1 (dB) = dX such that 
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(1) the set of critical points C = {p\,p2, • • • ,Pn} of tt is non-empty and lies in 
int(X) and tt is injective on C 

(2) for each ^ and 6, := 7r(pi), there are local complex coordinate charts agree- 
ing with the orientations of X and B such that n can be expressed as 
7r(zi,z 2 ) =2? + z|- 

It is known that there is one-to-one correspondence between the set of symplectic 
Lefschetz fibrations over S 2 and the set of factorizations of the identity elements in 
the mapping class group as a product of right-handed Dehn twists up to Hurwitz 
moves and global conjugation [?1[T3J[T7]. Therefore a monodromy factorization of 
a given Lefschetz fibration has lots of information about the underlying symplectic 
4-manifold. 

Two monodromy factorizations W\ and W2 are called Hurwitz equivalence if W\ 
can be changed to W2 in finitely many steps of the following two operations: 

(1) Hurwitz move: t Cn ■ ... ■ t Cz+1 ■ t Ci ■ ... ■ t Cl — t Cn ■ ... ■ t Ci+1 (t Ci ) ■ t Ci+1 ■ ... ■ t Cl 

(2) inverse Hurwitz move: 

where t a {tb) = tt a (b) an d it is t a o % o t^ 1 as an element of mapping class group. 
This relation comes from the choice of Hurwitz system, a set of mutually disjoint 
arcs except the base point 60 which connecting bo to hi. 

A choice of generic fiber also gives another equivalence relation. Two monodromy 
factorizations W± and W% are called simultaneous conjugation equivalence if W2 = 
f(Wi) for some / 6 M g) where E g is a generic fiber of the Lefschetz fibration W\. 

Two Lefschetz fibrations f\ : X\ — * B%, f% ■ X2 — > B% are called isomorphic if 
there are orientation preserving diffeomorphisms H : X\ —* X2 and h : B\ — > B2 
such that the following diagram commutes: 

X\ ► X2 

(2.1) 4 |/ 2 

By — ^ B 2 

Monodromy factorizations of two isomorphic Lefschetz fibrations are related by 
a sequence of Hurwitz equivalences and simultaneous conjugation equivalences. 

Notation. We denote by W\ = W2 if two monodromy factorizations W\ and W2 
are equivalent. In the case that two manifolds X% and X2 are diffeomorphic, we 
denote by X\ k Xi- 

Definition 2.2. Let 7r : X — > S 2 be a Lefschetz fibration and let F be a fixed 
generic fiber of the Lefschetz fibration. Let W — w n ■ ... ■ ■ Wi be a monodromy 
factorization of the Lefschetz fibration corresponding to F. Then the monodromy 
group Gf(W) is a subgroup of the mapping class group Mf = 7ro(Diff + (F)) gen- 
erated by wi,W2, - ■ ■ ,w n . We will write G(W) when the generic fiber F is clear 
from context. The element w n o • • • o id 2 o w\ in A4f is denoted by \w- 

Lemma 2.3. If two monodromy factorizations W\ and W2 give isomorphic Lef- 
schetz fibrations over S 2 , then monodromy groups G(Wi) and G(W2) are isomor- 
phic as a subgroup of the mapping class group Ai f ■ Moreover if we fix a generic 
fiber F, then G F {Wi) = G F (W 2 ). 
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Figure 1 . an involution and its vanishing cycles with g = 2 

A monodromy factorization of a Lefschetz fibration structure on E{u)k was 
studied by Fintushel and Stern [5] and we could find an explicit monodromy factor- 
ization of E(n)K [22] with the help of factorization of the identity element in the 
mapping class group which were discovered by Y. Matsumoto [17] . M. Korkmaz [16] 
and Y. Gurtas [S]. 

Definition 2.4. Let M(n, g) be the desingularization of the double cover of S 9 x S 2 
branched over 2n({pt.} x S 2 ) U 2(£ s x {pt.}). 

Lemma 2.5 f [16[ I21| ). M(2,g) has a monodromy factorization "q\ g , where 

Vi,g = *s • *Bi • t B2 t B2g ■ t B2g+1 ■ t bg+1 ■ t b ,^ +i 

and {Bj, b' g+1 } are simple closed curves on T, 2g +i as in Figured 

Theorem 2.6 ([51 122]). Let K C S 3 be a fibred knot of genus g. Then E(2) K , as 
a genus (2g + 1) Lefschetz fibration, has a monodromy factorization of the form 

®K(rfr,g)-®K(r}l,g)-'0l,g-1h,g, 
where rf 2 is a monodromy factorization of M(2,g) and 

®k = Vk ®id®id : E fl )jSijjS fl —> S fl jjSitjS fl 

is a diffeomorphism obtained by using a (geometric) monodromy ipx of K defined 
by 

S 3 \ v{K) = (L x 4)/((l, x) ~ (0, <p K (x))), 
where T} g is an oriented surface of genus g with one boundary component. 

3. Isomorphic Lefschetz fibrations 

In this section we construct examples of simply connected isomorphic symplectic 
Lefschetz fibrations with the same generic fiber but coming from a pair of inequiv- 
alent fibred knots. In 5 Fintushel and Stern constructed families of simply con- 
nected symplectic 4-manifolds with the same Seiberg-Witten invariants. Among 
them, they considered a set of the following symplectic 4-manifolds 

{Y(2-K 1 ,K 2 ) := E(2) Kl U:V 2g+1 ^ 2g+1 E{2) K2 \ K U K 2 are genus g fibred knots} 

and they showed that 

SWy(2-K 1 ,K 2 ) = *K + 1~k ■ 
In [H] we found examples such that Y(2; K, K{) and Y(2; K, K 2 ) are diffeomorphic 
even though K\ is not equivalent to K 2 . In this section we will generalize such a 



LEFSCHETZ FIBRATION STRUCTURES ON KNOT SURGERY 4-MANIFOLDS 



5 



construction. That is, we will construct infinitely many pairs (K, K') of inequivalent 
genus 2 fibred knots such that all of Y{2\ K, K')'s are mutually diffeomorphic. 

A family of inequivalent knots with the same Alexander polynomials were con- 
structed by several authors. Among them, Kinoshita and Terasaka |15j constructed 
a nontrivial knot with the trivial Alexander polynomial by using an operation, so 
called knot union. After that, Kanenobu constructed infinitely many inequiva- 
lent knots Kp.g (p,q G Z) with the same Alexander polynomials [12"1 113j. They 
constructed the examples from the ribbon fibred knot 4i#(— 4|) by applying the 
Stallings' twist [50] at two different locations repeatedly, where K* is the mirror 
image of K. 




{ 



| n — / \ n half twists 



Figure 2. A Kanenobu knot K„ 



The followings are known to Kanenobu. 
Lemma 3.1 ( 12J). Let K pq be a Kanenobu knot as in Figured Then 

(1) K ,o = 4i#(-4f) 

(2) The Alexander matrix of K n „ is ( .S^ „. .. 
w \ tr - 3t + 1 

(3) A Kp Jt) = (t-3 + t-^ 

(4) Kp^ q is a fibred ribbon knot 

(5) K Pt g - K r . s if and only if (p, q) = (r, s)or(s, r) 

(6) K; >q ~ K^p 

(7) Kp, q is a prime knot if (p, q) ^ (0, 0) 




Figure 3. Standard simple closed curves 
It is not hard to see [pj that the monodromy map of a Kanenobu knot 

td ° € 2 ta 2 ° tat ° > 



Kp, q is 



6 



JONGIL PARK AND KI-HEON YUN 



where {cii,6i,Ci,d} are simple closed curves in Figured] Therefore we get that 
Y(2; Kp^q, K r ,s) has a monodromy factorization of the form 

Lemma 3.2. For each k E Z> and fixed p, q, we have following relations: 

= A t* 2 (ts 2 )(*c 2 +1 (*B 2 )) = ^tg+^t-^c^Ba)) 



(3.1) 


t<>2 


(3.2) 


t d 


(3.3) 




(3.4) 


td 


Therefore 






tea ' 




td ' 



*X, fc + l('*4) ( ^ ( ^))- 



t d £ G F (C P ,g -Cp,g±i), irf G G F {ril :2 -t d (r,l 2 )). 

Proof. It is easy to see the image of a simple closed curve on an oriented surface 
£5 under Dehn twists and we get 

(3-5) c 2 = (t B2 ot C2 )(B 2 ) = (t B lot- 2 1 )(B 3 ) 

(3.6) d = {t Bi °t d ){B i ) = {t B3 ot d ){B 3 ). 

Equation (|3.1|) is easily obtained from Equation (|3. 5|) because 
(*u 2 t C2 )(tB 2 ) = t C2 = {t B \ o t^)(t Ba ) 
and, from this, we obtain 

t C2 = it* ( C2 ) = ^tj 2 (^c 2 ) 

= A t ^ (A t£ , 2 ot C2 (is 2 )) 
= ^t* ot B .ot , (*b 2 ) 



A ^ 2 ot B2 ot c - fc ot c fe +H E B2 
A *l (tB 2 )(*c 2 +1 (iB 2 )) 



and 



A tc 2 +1 (t^)^(^3)) " *(tJ+ 1 (t^ 3 1 )otJ 2 )(B 3 ) 



i (tJ+ 1 ot-Jof- 1 )(B 3 ) 



Similarly, we get Equation (|3.2[) from Equation 
Next we prove Equation (|3.3p . First, observe that 



(*Jfo,o(^.)°*c,o4ir, 1 o)(Bs) =c 2 
because $if 00 (B3) meets with c 2 at one point. Therefore 

X *K K9 (tB 3 ){®K k+1 , a {tB 3 )) = t { $ Kkq (t B3 )o<s> Kk+lq )(B 3 ) 

= i (t>tJ 2 0*jf 00 (t B3 )ot C2 o$ Ko _ )(B3) 
= f (^°tS 2 )(o 2 ) =*ca- 
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□ 



For equation (|3.4[) . observe that 

(*Jfo.o(*iJ)° *d 1 ° < f > A- , )(B4) = rf 

and it implies 

= ^t^+ 1 ot? 2 o<i» KOi0 (t B i)o 4 - 1 o* J<00 )(B 4 ) 
= *(t$ +1 ot? 2 )(d) =*<*• 

Lemma 3.3. For each pair p,q G Z, we gef diffeomorphisms 
Y(2; #p+i,g) « V"(2; K p+1:q , K p+2 , q ) 

and 

Y(2;K Pyq ,K p . q+1 ) w Y"(2; Jf Pi5 , + x,-Kp,g+2). 
Proof. Y(2; K p ^ q , K p+ i^ q ) has a monodromy factorization of the form 

*a- p+1 ,,(?7L) • *??, 2 • *Jf M (^, 2 ) • »7?,2 

where = ^ o ^ 2 o t a2 o tg 1 o t" 1 o t 6l . 
By Equation (|3 .3[) in Lemma [3~^1 

t C2 G G F (^ Kp+1 Jvla)-^K p , q (vla) 
t C2 G G F {t C2 {ril 2 )-ril 2 ). 

Therefore we get 

®K P+ i,M, 2 ) ■ vl,2 ■ *K p ,,(rft i2 ) ■ ?7l,2 
~ ®K p+hq ivh) ■ ®K p , q {via) ■ tc 2 (via) ■ rfia 
~ (via) ■ ®Ko, q (via) ■ *<* (via) ' 

It implies that, for each fixed q, Y(2; K p ^ q , K p+ i q ) has isomorphic Lefschetz fibra- 
tion structures, so that they are all diffeomorphic. 

Similarly, by using Equation (|3.4[) in Lemma |3.2[ we can prove that 

Y(2; K p ^ q , K Pjg+ i) w Y(2; K p>g+ i, K p ^ q+2 ). 

Theorem 3.4. Any two simply connected symplectic A-manifolds in 

{Y(2; K M ,K p+hq ) | p, q 6 Z} U {Y(2; K p , q , K Pt9+ l) \p,qeZ} 
are mutually diffeomorphic. 

Proof. By Lemma 13.31 the smooth classification problems of simply connected 
symplecic 4-manifolds in {Y(2; K p q , K r ^ s ) | (r = p ± l,s = q) or (r — p,s — 
q ± 1)} can be reduced to the smooth classification problems of 4-manifolds in 
{Y(2; K P}P , Kp+ij,), F(2; K PtP , K p _ p+ i) \ p G Z}. Then, by Lemma [3~T1 we have 
Kp,p±i ~ -Kpiiji and it implies 

F(2;-Kp, P ,-Kp4-i,p) ~ ^(2; K P}P , K PtP+ i) 

Y(2;Kp,p+i,Kp+i,p+i) ~ Y(2;Kp+i,p,Kp+i,p+i)- 
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Furthermore, by Lemma 13.31 we also get 

Kp,p+i, Kp+i,p+i) ~ Y(2; K p+ i tP+ i, Kp +2 ,p+i). 
Therefore, for any p,q 6 Z, we have 

Y(2; K PtP , K PtP±1 ) « F(2; K qtq ,K q±hq ) 
and it implies the conclusion. □ 



4. NONISOMORPHIC LEFSCHETZ FIBRATIONS 

In this section we investigate some algebraic and graph theoretic properties of 
£, P ,q = ^K p , q {r]ia) ■ Vi,2 an d hs monodromy group G^ 5 (^ q ). In [11], Humphries 
showed that the minimal number of Dehn twist generators of the mapping class 
group Ai g or A4 g is 2g + 1 by using symplectic transvection and modulo two Euler 
number of a graph. 

Definition 4.1. Let {71, 72, • • • , 723} be a set of simple closed curves on E g which 
generate i?i(S fl ;Z2). Let 1X71,72, • • • ,j2g) be a graph which is defined by 

• a vertex for each simple closed curve 7,, i = 1, 2, • • • , 2g 

• an edge between 7^ and jj if i{"fi,jj) = 1 (mod 2) where i{"fi,jj) is the 
minimum number of intersection between two simple closed curves 7^ and 

7j 

• no intersections between any two edges. 

Let 7 be a simple closed curve on £5, then 7 = Y^i=i £ ili ( £ i = or 1) as an 
element of i?i(E g ; Z2). Let 7 :— U £i= i77 where 77 be the union of all closure of 
half edges with one end vertex 7^. We define X1X7) as the modulo 2 Euler number 
Xr(7)- 

Lemma 4.2. Let IX71, ■ • ■ ,72^) be a graph of simple closed curves {71, • • ■ ,729} 
which generate ^-vector space -ffi(E g ; Z2). Let Gr, g be a subgroup of A4 g generated 
by 

{t a I a is a nonseparating simple closed curve on E g such that Xr(ct) = 1}. 

Then Gr. g is a nontrivial proper subgroup ofM g . Moreover, if (3 is a non- separating 
simple closed curve on E g with xr(/3) — 0, then tp ^ Gr, g . 

Proof. Let us prove that Gr, g is a nontrivial proper subgroup of M. g . Each element 
in iJi(S g ;Z2) can be represented by a non-separating simple closed curve on E g 
and A4 g acts transitively on the set of all non-separating simple closed curves on 

If c is a non-separating simple closed curve on E g such that Xr(c) = 1, then 

7, if i(c, 7) = 0( mod 2) 

c + 7, if i(c, 7) = 1( mod 2) 

and, for the i(c,j) = 1 (mod 2) case, 



So 

Xr(i c (7)) 



tc{j) — c U 7 and c fl 7 = odd number of points . 



if i(c,7) = (mod 2) 
Xr(c) + odd number = xr (7), if i(c, 7) = ! (mod 2). 
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For any / G Gr, g , / is of the form t% k k o tc k k Z\ ° ■ • • ° ° t%\, where each a is a 
non-separating simple closed curve with xr(cj) = 1 and it implies Xyifil)) = XT {if) 
(mod 2). Therefore if Gr, g = M g , then for any non-separating simple closed curves 
7 on Tig we have to have Xr(7) = 1- It is clearly impossible. So Gr. g is a nontrivial 
proper subgroup of M g . 

If is a non-separating simple closed curve with xr(/3) = 0, then, for simple 
closed curve 7 on S g with i{(3,j) = 1, we have Xr{tpin)) ^ Xr(7) (mod 2). There- 
fore tp Gr, g - □ 

Lemma 4.3. For any p,q G Z, 

tea, U £ G F {£ p , q ) = G F ($ Kp Jr)l 2 ) • Vi,2)- 
Proof. We will prove this in four cases. 
Case 1: p and q are even integers: Let us consider 

Ti = r({ci,ai, a 2 ,b 2 , a 3 ,b 3 , a.4, a 5 , B 2 , B4}) 

where {a^, bi, Ci, di, B{\ are simple closed curves on E5 as in Figure[T]and in Figured] 
Then graph r 4 is given as in Figure[4]and we have following relations in Hi(Y,^; Z 2 ): 

b-2 = ci + c 2 , 

h = Ci + C 2 + C 3 = 63, 

B = ai + a 2 + a 3 + a 4 + a 5 , 

(4.1) Si = S 2 + ai+a 5 , 

i?2 = -B 4 + a 2 + a 4 + c 2 + c 5 . 

£3 = £? 4 + a 2 + a 4 , 

B 4 = a 3 + c 3 + c 4 , 

B 5 = 03 + 63 + 63 = 03. 




Figure 4. Graph r 4 

Therefore we get 

c 2 = 
C3 = 
c 4 = 

C5 = 

C6 = 



62 + Ci, 
6 2 + 63, 

B 4 + a 3 + 6 2 + 63, 
B2 + -B 4 + a 2 + a 4 + 6 2 + c 4 , 
ci + c 2 + C3 + c 4 + c 5 = c 4 + a 2 + a 3 + a 4 + S 2 
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and it implies that each a is in the space spanned by 

{ci,Oi, a 2 , b 2 , a 3 , b 3 , a 4 , a 5l B 2 , B 4 }. 
Since bi = C\ + • • • + Cj, each bi is also in the space spanned by 

{ci, a%, a 2 , b 2 , a 3 , b 3 , a 4 , a 5 , -62,-84} 

and therefore {ci, eti, a 2 , b 2 , a 3 , b 3 , a 4 , 05, i?2, B 4 } generates Z2). 

Furthermore, by drawing figures, we can easily obtain the following relations: 

*jr 0i0 (fl B ) - B 5 , 
$K ,o( B4 -) = B 4 + a 2 , 

^K 0:0 (B 3 ) = B 3 + b 2 = B 4 + a 2 + a 4 + b 2 , 
*K ,o(-B 2 ) = B 2 + a x +b 2 + a 2 , 

®K , {Bx) = B 1 +b 1 +b 2 +a 2 = B 2 + ai+a 2 + a 5 + b 1 +b 2 , 
®K ,o{ B o) = B + a 1 +b 1 + a 2 +b 2 =a 3 + a 4 + a 5 + b 1 +b 2 . 
Therefore 

Xr 1 (a i )=Xr 1 (B i )=Xr 1 ($K ,o(^)) = l ! for i = 0, 1,2,3,4,5 

and Xr x (ci) = Xri(ce) = 1< So we have 

{tBi^Ko.o^sJ^aii^aJ^^d^ce I * = 0,1,2,3,4,5, j = 1,2,3,4,5} c G r ,, 5 

and each generator of the group Gf^Ko.o&i 2) ' ^1,2) i s an element of Gr^s- It 
implies that G F (^ Koo (Vi,2) ■ r?? >2 ) < G Tu 5- 
But we have 

XrAcj) = XrAd) = 

for j = 2, 3, 4, 5 and therefore 

tc 2 , tc 3 , t Ci , t C5 , td (fc Gr t ,5' 

It implies that t C2 , t d £ G F ($ Ko , (Vi, 2 ) ' Vi.z)- 

Since Z2-homology class of &k 2p 2q {Bi) an d ®k (Bi) are the same for any p,q G 
Z, we get 

Xr^K^OB*)) = XrA^KoJBi)) 
for £ = 0, 1,2,3,4,5. It implies that G F (^K 2pi2q {ili, 2 ) ' ^1,2) ^ ^T^s an d therefore 
we have i C2 , t d ^ G F {<f>K 2p , 2q (vl 2 ) ■ vf, 2 )- 

Case 2: p is an odd and q is an even integer: Let us consider 

T 2 = T({a 3 ,b 3 ,B 1 ,B 2 ,B 3 ,B i ,di,d 2 ,d 3 ,d 4 ,}) 

where {a.;, bi, Ci, di, Bi} are simple closed curves on E5 as in Figure [TJ Figure [3] and 
Figure [5] Then the graph T 2 is as in Figure [S] 

Since the equations in (|4.1[) are still valid and we have 

di = ai+a 3 . 

d 2 = a 3 + a 4 , 

d 3 = C2 + C3, 

d 4 = c 2 + c 3 + c 5 + c 6 , 

b 3 = ci + c 2 + c 3 — c 4 + c 5 + c 6 , 




wc get 



(4.2) 



«i 

«2 
0-3 
O4 
O5 
Cl 
C2 
C3 
C4 
C5 



dx + a 3 , 

03 + C?2, 

Si + B 2 +a 3 
^3 + d 3 , 
a 3 + b 3 
a 3 + h 



d 3 



+ B 4 , 
+ d± + B 4 , 
b 3 + d 3 + d 4 , 

a 3 + b 3 + c 2 + di + B 2 + B 3 + B 4 . 



Hence Equations (|4.2| implies that {03, 63, B\, B 2 , B 3 , B4, di, d 2 , d 3 , d±} is a basis 
of Z 2 -vector space i?i(E 5 ; Z 2 ). 
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Since <&rt m = t C2 o t a2 o t b2 o t a * o t^, using l|4.2jl and 6, = ci + h c,, we get 

$ ^i,o( B o) = B + ai +61 + a 2 + 6 2 , 
$*i,a (^l) = B 1 +b 1 +b 2 + a 2 + c 2 

= B l + B 3 + B 4 + a 3 + d 2 , 

(4.3) $ Klt0 (Ba) = B 2 + ai +b 2 +a 2 + c 2 

= B 2 + B 3 + B 4 + b 3 + d 1 +d 2 + d 3 , 
$x 1>0 (B 3 ) = B 3 + 6 2 + c 2 = B 3 + h + d a , 
^Ki, (Bi) = B 4 + a 2 + c 2 = B 3 + B 4 + b 3 + d 2 + d 4 , 
$jf lt0 (B B ) = A>. 
A computation of Yr 2 shows that 

(4.4) X r 2 (A) = Xr 2 (** li0 (Bi)) = Xr 2 (63) = Xr 2 (&' 3 ) = Xr 2 (03) = 1 
for each i = 0, 1, 2, 3, 4, 5 and 

(4-5) xr 2 (ci) = xr 2 (c 2 ) = Xr 2 (01) = Xr 2 (02) = Xr 2 (62) = Xr 2 (d) = 0. 

Therefore G F (^ Kl0 (j]f >2 ) ■ j]f >2 ) < Gr 2 ,5 and, since t C2 , t d £ Gr 2 ,5, we get 

t C2 , td i G F ($ Kl0 {ril 2 ) -ril 2 ). 

Furthermore, since &K 2p+1 2q (Bi) and (&K 10 (Bi) represent the same element in 
iJi(E 2 ;Z 2 ), we get Xr 2 ($K 2p+1 , 2q {Bi)) = Xr 2 (^K 1 , (B i )) = 1 and it implies that 

t C2 , t d £ G F ($ K 

2p+l,2< ? (Vi, 2 ) ' vi.2) 

for any p, q e Z because G F ($K 2p+1 , 2q {Vi,2) ' ^1,2) < G r 2 ,5- 
Case 3: p is an even and q is an odd integer: We want to find a graph 

T3 = r({7i,72, • • • ,710}) 

satisfying 

(4.6) X r 3 {Bi) = xr 3 (*x .i (*)) = Xr 3 (63) - Xr 3 (b' 3 ) = Xr 3 (o 3 ) = 1 
for i = 0,1,2,3,4,5 and 

(4-7) Xr 3 (c2) = xr 3 (rf) = 0. 

Note that we observe the following relations in ^(£5; Z2): 



(4.8) 









Bo 


Bo + ai + bi + a 2 + b 2 


B Q + a% + bi + a 2 + b 2 


Bi 


B\ + bi + b 2 + a 2 


B 1 +b 1 + a 2 + b 2 + d 


B 2 


B 2 + ai + b 2 + a 2 


B 2 + ai+b 2 + a 2 


B 3 


B 3 + b 2 


B 3 + b 2 


B 4 


B 4 + a 2 


B 4 + a 2 +d 


B 5 


B 5 


B 5 



Hence, by Lemma [4721 and Equations (14. 6| . (|4.7|l and (|4.8|) . we need to find a 
graph T3 such that 

• even number of {a\, 61, o 2 , b 2 } have xr 3 = 

• odd number of {61, b 2 , a 2 } have xr 3 = 

• even number of {ai, b 2 ,a 2 } have xr 3 = 
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• even number of {62} have xr 3 = 

• odd number of {a 2 } have Yr 3 = 0. 

Therefore {Bi, B 2 , B 3 , B4, b\, 62, 63, 03} might be a subset of Gr 3 ,5 and we will 
extend it to a basis of Hi(T, 5 ; Z 2 ) by adding two simple closed curves di, d 2 as in 
Figure [5] so that 

T 3 = T({B 1 ,B 2 ,B 3 , B 4 , 61,62,63, 03, d u <h}). 
Then 1?3 is the graph as in Figure [7] and it satisfies Equations (|4.6[) and (|4.7[) . 



62 B 3 d 2 




Bi 63 B 4 



Figure 7. Graph T 3 
Therefore G F (<b Kol (rj{ >2 ) • r)f 2 ) < Gr 3 ,5 and, since i C2 , t d ^ Gr 3 ,5, we get 

and 

i C2 , td^G F ($K 2p , 2g+1 (^, 2 )-^, 2 ) 

for any p, q £ Z. 

Case 4: p and (7 are odd integers: We want to find a graph 

r 4 = r({7i,72, • ■ • ,710}) 

satisfying 

(4.9) xrt(.Bi) = X vA^K lA m) = XT Ah) = XrAb> 3 ) = X r 4 (a 3 ) = 1 
fori = 0,1, 2, 3, 4, 5 and 

(4.10) Xr 4 (c 2 ) = xr 4 (rf) = 0. 

Note that we observe the following relations in _ffi(E5; Z2): 



(4.11) 









B 


Bq + ai + 61 + a 2 + 6 2 


B Q + a% + bi + a 2 + b 2 


B l 


Bi + bi + b 2 + a 2 


Bi + bi + a 2 + b 2 + c 2 + d 


B 2 


B 2 + ai + b 2 + a 2 


B 2 + ai + b 2 + a 2 + c 2 


B 3 


B 3 + b 2 


B 3 + b 2 + c 2 


Bi 


B4 + a 2 


B4 + a 2 + c 2 + d 


B 5 


B 5 


B 5 



Hence, by Lemma 14.21 and Equations (|4.9p , ()4.10p and (|4.1ip , we need to find a 
graph T4 such that 

• even number of {ai, 61, a 2 , b 2 } have xr 4 = 

• even number of {61, b 2 ,a 2 } have xr 4 = 

• odd number of {aj., 62, 02} have xr 4 = 

• odd number of {62} have xr 4 = 
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• even number of {(12} have %r 4 = 0. 
Therefore {-Bi, B 2 , S3, -B4, ai, a 2 , 63, 0,3} might be a subset of Gr 4 ,5 and we will 
extend it to a basis of HiiTi^;^) by adding two simple closed curves d 3 , as in 
Figure [5] so that 

r 4 = T({Bx, B 2 , B 3 , B 4 , ai, a 2 , a 3 ,b 3 , d 3 , d 4 }). 




Figure 8. Graph T 4 

Then T4 is the graph as in Figure [5] and it satisfies Equations (|4.9p and (|4.10[) . 
Therefore G F {<P Kl 1 (i]f 2 ) ■ rft a ) < Gr 4 , 5 and since t C2 , t d £ Gr 4 , 5 , we get 

tea, *d g G F ($^ u (^ 2 )-l]y 

and 

t C2 , t d <£ G F {^K 2p+1 , 2q+l {rii,2) ■ ^1,2) 
for any p, q G Z. □ 

Remark AA. We can doubly check the above statements by using representation 
of mapping class group in a symplectic group. The following is suggested by S. 
Humphries [10) : There is a natural map 

ip n : M 5 ^ Sp(10,Z) ^ Sfp(10,Z/nZ) 
where, for each t 7 E M5, 

^(t 7 ):ff 1 (S 5 ,Z)^if 1 (S 5 ,Z) 

is an integral matrix representation of the mapping class group action on the integral 
first homology group. After that, we reduce the coefficient of the symplectic group 
to Z/nZ by taking a quotient map q n . It is easy to check that 

Mil) G MGf(^ q )) for any (p,q) e Z 2 , 

and it implies 

MGf(Zp.*))=MGf(St,.)) if (P,q) = (r,s) (mod 2). 
An explicit group order computation by using a computer algebra system such as 
GAP [6J or SAGEMATH [T5] shows that 

Order(V>2(G F (C p , 9 ))) = 50030759116800, 

Order((^ 2 (G F (^,g)U{t C2 }))) = 24815256521932800, 

Order(($2 (<?*-(&>,«) u {*<*})» = 24815256521932800, 

Order0 2 (-M 5 )) = 24815256521932800, 
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and it implies 

t C2 , t d £ Gp(t;p,q) for any p,q eZ. 
Theorem 4.5. £ p g is not equivalent to £ r . s if (p,q) ^ {t~, s) (mod 2). 
Proof. We obtain the following table from the proof of Lemma l4~3l 





Gri.5 does not contain 


Ti 


t<s> Kl 


o(%)'0' = 


1,2,3,4), t^ KQi{Bl ) , t* KOil (s 4 ), (s 2 ) > (s 3 ) 


r 2 




(B 3 ),(j = 


1, 2, 3, 4), t <t>Kg a (s 2 ), a (B 3 ))** Klil (Bi)) 


r 3 




{Bi)Mk 


(B 4 ), W lj0 (-B 2 ),£* Klj0 (B 3 ),^ Klil (Bj), (j = 1,2,3,4) 


r 4 




(B a ),** Ko 


(B 3 )> *% li0 (Bi), ^tjf^ (B 4 )i Wo,! (Bj) ' (j = 1,2,3,4) 



Therefore we get the following statement: t$ K q ( Bj ) is not contained in Gr i: 5 if 
and only if t <s , Kc ^ ^) is not contained in Gr it 5, where e p , e q € {0, 1} and p = e p , 
q = e q (mod 2). It implies that 

£p,g / £r,s if (P,q) ^ (>",») ( mod 2). 

For example, if (p, q) = (0,0) and (r, s) = (1,0) (mod 2), then 

t G Tafi , (j= 1,2,3,4) 

and Gpfe.s) < Gr 2 ,5- Therefore t$ Kp ^ B .) G G F (£, p , q ) but ^^(b.,) ^ G F (Cr, s ) 
for j = 1, 2, 3, 4. It implies G F (£ p , q ) ^ G F (£, r , s ) and £ p , g ^ £ r , s . □ 

Corollary 4.6. 7/p ^ g (mod 2), then the knot surgery 4-manifold E(2)k p „ has 
at least 2 nonisomorphic genus 5 Lefschetz fibration structures. 

Proof. It follows from Lemma |3. II Since K p>q is equivalent to K q ^ pi we get a diffeo- 
morphism^(n) Kp ., « E{n) Kqp . Because x (5 3 \y(iT)) » S 1 x (S 3 \ v(K*)), we 
also have E(u)k ~ E(n)x»- So we get that E{n)ic Ptq ~ E(ri)ic* ~ E(n)K_ q _ p - 
The last diffeomorphism is E(n)x p q ~ E(n)x q p ~ ^( n )A'j p ~ E(n)x_ p _ q . There- 
fore we have diffeomorphisms 

£(2)* M « £(2)*„ p « £(2)a_ p ,_, « £(2)a_ 9 ,_ p 

and £<?,p, C-p.-?i C-?,-p} are Lefschetz fibration structures which have diffco- 
morphic underlying 4-manifolds. But, by Theorem 14.51 we know that £ Pj(J 7^ £ gjP 
because (p,q) ^ (<7,p) (mod 2). Therefore we get a conclusion. □ 

Remark 4.7. At this time we do not know how to distinguish each elements in 

{ £ P ,q P,qeZ) 

up to Lefschetz fibration isomorphism. 

Remark 4.8. We are interested in the question whether the knot surgery 4-manifold 
E(2)k admits infinitely many nonisomorphic Lefschetz fibrations over S 2 with the 
same generic fiber. In Theorem 13.41 we constructed a family of simply connected 
genus 5 Lefschetz fibrations over S 2 whose underlying space are all diffcomorphic 
and they are constructed from a pair of incquivalent prime fibred knots. We ex- 
pect that they are strong candidates for admitting infinitely many nonisomorphic 
Lefschetz fibrations. We leave this problem for future research project. 
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